Computational methods in the study of symplectic
quotients

Hans-Christian Herbig, UFRJ and Christopher Seaton, Rhodes College

Instituto de Matematica Aplicado, Universidade Federal do Rio de Janeiro

January 11-12th 2016

UFRJ; H.-C. Herbig, C. Seaton Computational methods symplectic quotients January 11-12t", 2016 1/77



N
Minicourse Abstract

Let G be a compact Lie group and let V' be a unitary G-representation.
Then there is a quadratic moment map J: V — g* with respect to which
V is a Hamiltonian manifold. Letting Z denote the zero fiber J=1(0) of
the moment map, the corresponding symplectic quotient is given by

Mo = Z/G. It has the structure of a symplectic stratified space as well as
a semialgebraic set, and it is equipped with an algebra of regular functions
R[Mp], a Poisson subalgebra of its algebra of smooth functions.

In these lectures, we will introduce methods of computing the algebra
R[Mp] of regular functions on such a symplectic quotient using methods
from invariant theory and computational algebraic geometry. In addition,
we will explain how these computations can be used to observe and verify
properties of the symplectic quotient. Topics will include using Groebner
bases to compute invariant polynomials, elimination theory, and methods
of computing Hilbert series of Cohen-Macaulay algebras. In addition, we
will introduce the software packages Mathematica and Macaulay2 for
these kinds of computations.
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Minicourse Lectures

© Invariant theory and Grobner bases

@ Singular symplectic reduction and regular functions on symplectic
quotients
© The Hilbert series of the regular functions on a symplectic quotient

@ Elimination theory and the nonabelian case
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Lecture 1: Invariant Theory and Groebner Bases

0 Affine varieties and ideals of polynomials
© Invariant Polynomials

© Grobner Bases

@ Representations of Tori

© Finding invariants using Grobner bases

@ Finding Relations Using Grobner Bases
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Affine varieties and ideals of polynomials
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Affine Varieties

Let K denote either R or C.

To fix notation:

e K" is affine space, the vector space {(a1,...,an) : ai € K} under
component-wise addition and K-multiplication.

@ A monomial in the variables x1, ..., x, is an expression of the form
xPUXE? - x,, where each p; is a nonnegatlve integer. The degree of
XD xBT s pr+ -+ po

o K[xi,...,x,] is the set of polynomials in xi, ..., x, with coefficients
in K, i.e. finite linear combinations of monomials in x1, ..., Xp.

We identify K[x, ..., x,] with a subset of the continuous functions

K" — K in the obvious way.

A subset V of K" is an affine variety if there is a finite subset
F C K[x1,...,xn] such that V can be described as

V=V(F):={(a1,...,an) € K": f(a1,...,a,) =0 Vf € F}.
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R?, the unit circle is the vanishing set of F = {x? + y2 — 1}, hence an
affine variety.
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R?, the variety corresponding to F = {x? — y?} consists of the lines
y=xand y = —x.
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R3, the variety corresponding to F = {x? + y? — z} is a paraboloid:
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R3, the variety corresponding to F = {x? + y? — z?} is a cone:
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R3, the variety corresponding to F = {x? + y? — z2,x?> + y? — z} the
intersection of the cone and paraboloid:

4
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Affine varieties and ideals of polynomials

Affine Varieties: Examples

Example

In R3, the Whitney umbrella is the variety of F = {x? — y?z}:
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Affine varieties and ideals of polynomials

|deals: Motivation
Let V = V(F) be the variety of K” described by the subset
F C K[x1, ..., xn].

If f e Fand g € K[xi,...,xp], then

(fg)(a1,-..,an) =0 V(a1,...,an) € V.

For instance, in R[x, y], any polynomial of the form (x? + y? — 1)g(x, y)
must vanish on the unit circle.

Hence, the subset of K[xi,..., x| that vanishes on V is much larger than
F.
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Ideals

Definition

Let / be a subset of K[xi,...,x,]. Then [ is an ideal if
e 0el,
e Vfi,hel A+fel, and
e Vfel,geK[xy,...,xn], fg €.

If fi,...,fr € K[x1,...,x,], the ideal generated by f,...,f is

(..., fr) = {ZhifﬂhieK[Xla--an]}-

i=1

It is the smallest ideal containing fi,...,f,.

Exercise: Show that (fi,...,f,) is in fact an ideal.
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Ideals

Definition
Let S be any subset of K”. The ideal of S is

Z(S) ={f e K[x1,...,xn] : f(c1,...,cn) =0 V(c1,...,cn) €S}

i.e. the set of polynomials that vanish on S.

To see that Z(S) is in fact an ideal, let S be an arbitrary subset of K”.

@ 0 vanishes on all of K" so 0 € Z(S) is obvious.

o If f1,f € Z(S), then for each (c1,...,¢cy) € S,
fi(ci,...,cn) = fa(ct, ..., cn) = 0.Therefore
(f1+f2)(cl,...,c,,) =0+0=0and 1+ 5H EI(S)

o If f € Z(S) and g € K[xq, ..., xp], then for each (ci1,...,¢cy) €S,
f(ci,...,cn) = 0.Therefore
(fg)(c1,...,cn) =f(cr,....cn)glct,...,cn) =0-g(c1,...,cn) =0
and fg € Z(S).
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Affine varieties and ideals of polynomials

Ideals and Varieties

So we have:
subsets of K" %5 ideals of K[x1, ..., Xa]
and
subsets of K[x1, ..., x,] Y, Varieties in K.
Lemma

Iff,..., f EK[Xl,...,X,,], then

(..., ) CIOV(A,...,F)).
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Affine varieties and ideals of polynomials

Ideals and Varieties

Proof.

r

Given > hifi € (fi,...,f,), pick (c1,...,¢n) € V(f,.... f).
i=1

Then for each i, fi(c1,...,cn) = 0 by definition. Hence

(Z h,-f,-) (c1y...,cn) = Z hi(ci, ..., cn)fi(ct, ..., cn)
i=1 i=1

:Zh,-(cl,...,c,,)-O:O.
i=1

r
So 3 hif: € IV(f, ..., F)). O
i=1
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Affine varieties and ideals of polynomials

Ideals and Varieties

However, Z(V(f1, ..., f;)) is often larger than (fi,...,f,).

Example

In R[x], the ideal / = (x?) contains all polynomials with no constant or
linear terms.

Then V(1) = {0}.

However, Z(V(I)) contains x.
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Affine varieties and ideals of polynomials

Ideals and Varieties

Lemma

If S C K", then
S CV(Z(S)).

Exercise: Prove this lemma.
Again, equality need not hold.

Example

If S =Q C R, any function that vanishes on Q must vanish on R by
continuity, so Z(S) = {0} and V(Z(S)) = R.
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Radical Ideals

Definition
(K = C) The radical of an ideal / of C[xq,...,x,] is

VI:={f €Clxt,...,xy] : f™ € | for some m > 0}.
An ideal I of C[xq, ..., xp] is radical if | = V1, ie. for any
f € C[xi,...,xn], if f™ € [ for a positive integer m, then f € |.
(K =R) The real radical of an ideal / of R[xy,...,xy] is

VI = {f eR[x1,...,xn] : 381,---,8 € R[x1,...,xn],

f2m 4 g2 +---g? € | for some m > 0}

An ideal I of R[xy,...,x,] is real if | = V/1, i.e. for any

fi,..., fr €ER[x1,...,xn], 2+ -+ £ € for a positive integer m implies
fi,....f, el
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Affine varieties and ideals of polynomials

Correspondence between Ideals and Varieties

Theorem (Hilbert’s Nullstellensatz)
If I is an ideal of C[xi,...,xa), then Z(V(1)) = V1.

Hence, there is a bijection between affine varieties in C" and radical ideals
in Clx1, ..., ]

If I is an ideal of R[xi, ..., xy], then Z(V(1)) = V/I.

Hence, there is a bijection between affine varieties in R" and real ideals in
Clxt, .-, Xn]-

Proofs can be found in Cox-Little-O’Shea [2] (over C) and
Bochnak—Coste—Roy [1] (over R).

In the correspondence, the ideals of K[xi, ..., x,] that are maximal
(contained in no larger ideal except K[x, ..., x,] itself) correspond to
points in the variety.
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Affine varieties and ideals of polynomials

The Polynomial Functions on a Variety

If I is an ideal of K[xi, ..., x,], define the equivalence class = mod / on
K[x1,...,xn] by

g =g mod]/ iff g1 — @ e f.

The equivalence class of g is denotes g + /.

The quotient algebra K[xi, ..., x,]// is defined to be the set of
equivalence classes in K[xi, ..., xp].

It can be shown that the operations

G+ +(gt!)=(a+g)+! and (g1+/)(g+]1):=(g18)+]/

are well defined on K[x1,...,x,]/l.

If | =Z(V) is the ideal of a variety V/, then K[xi,...,xp]// is thought of
as the polynomial functions on V.

Two elements of K[xi, ..., x| represent the same element of
K[x1,...,xa]/I if and only if they have the same value at every point in V.

UFRJ; H.-C. Herbig, C. Seaton Computational methods symplectic quotients January 11-12t", 2016 22 /77



Invariant Polynomials
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Invariant Polynomials

Invariant Polynomials

Let GL,(K) denote the group of invertible n x n matrices with entries in K.

Definition
A subset G C GL,(K) is a subgroup, written G < GL,(K), if
@ The identity Id € G,

o If A, B € G, then the matrix product AB € G, and
o If Ac G, then A~1 € G.

If, G < GL,(K) and f € K[x1,...,xs], then f is G-invariant if f 0 A= f
for each A € G.

The collection of all G-invariant polynomials is denoted K[xy, ..., x,]°.
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Invariant Polynomials

Invariant Polynomials: Basic Examples

Let G = {1,~1} C GLy(R).

For f € R[x], it is easy to see that f(x) = f(—x) if and only if f(x) is
even, i.e. f(x) = g(x?) for some g € R[w].

Hence,
R[x]® = {g(x*) : g € R[w]}.
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Invariant Polynomials

Invariant Polynomials: Basic Examples

Let A= ((1) é) and let G = {Id, A} C GL,(C).

For f € C[x, y], we have (f o A)(x,y) = f(y, x).

Exercise: For f € C[x,y], fo A= f if and only if f(x,y) = g(x + y, xy)
for some g € Clwy, wy].

Hint: If his a monomial of degree d, then g o A is a monomial of degree
d. So f is G-invariant if and only if it is the sum of homogeneous
G-invariant polynomials (i.e. all terms have the same degree).

Hence,
C[XJ/]G ={g(x+y,xy): g € Clwi, wo]}.

Elements of C[x, y]® are called symmetric polynomials in two variables.
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Hilbert Bases

The set K[xg,...,x,]® is closed under addition, multiplication, and scalar
multiplication of polynomials, and hence is a subalgebra or subring of
Klx1, ..., xa].

This is easy to see, e.g. (f+g)oA=(foA)+(goA)sothat (foA)="f
and (go A) = g implies (f + g)ocA="f+g.

Note that K[xy, ... ,x,,]G is not an ideal of K[xi, ..., xp].

We refer to {g(x?) : g € C[w]} as the subalgebra generated by x?,
written C[x?].

Similarly, {g(x + y,xy) : g € C[wi, ws]} = C[x + y, xy] is the subalgebra
generated by {x + y, xy}.

In general, the subalgebra generated by fi,...,f, € K[xy,...,x,] is
{g(f,....f) g € Klw,...,w]}. We refer to {fi,...,f,} as a Hilbert
basis for the subalgebra.

Hilbert basis (even minimal Hilbert bases) are often not unique.

UFRJ; H.-C. Herbig, C. Seaton Computational methods symplectic quotients January 11-12t", 2016 27 /17



Invariant Polynomials: Another Example

Let B = <_01 _01> and let G = {Id, B} C GLy(R).

For f € R[x, y], we have (f o B)(x,y) = f(—x, —y). Hence, each
monomial of degree d is multiplied by (—1)9.

For f € R[x,y], f o B = f if and only if f(x,y) = g(x?, y?, xy) for some
g € Rlwi, wo, ws).

Hence, {x2,y?, xy} is a Hilbert basis for R[x, y]®, i.e.

R[x, y]¢ = R[x%, y?, xy].

In this example, however, the elements of the Hilbert basis satisfy a
relation:

(*)(?) = (o).
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Algebraic Dependence

Definition
We say that a finite set {f1,...,f} C K[xi,...,x,] is algebraically
independent if g(f1,...,f,) = 0 implies g = 0.

If there is a nonzero g € K[wx,...,w,| such that g(f1,...,f) =0, then
{f,...,f;} is algebraically dependent.

If a subalgebra has an algebraically independent Hilbert basis {fi,..., 1},
then the subalgebra has the same properties as K[wy, ..., w,].

We can think of it as "“the same as” polynomial functions on K".
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Algebraic Dependence

If {f1,...,f} is algebraically dependent, define
R(f,....H)={g e Klwy,...,w,]: g(f,...,f;) =0}

Then R(fi,...,f;) is an ideal, the ideal of relations of {f1,...,f}.
It is easy to see that R(fi,...,f;) is an ideal:
@ Obviously, 0 € R(f1,...,f).
o If g1,80 € R(f,..., 1), then g1(f1, ..., ) =g(f,..., ;) =0, so
(g1 +&)(f,....)=04+0=0and (g1 + &) € R(f,..., ).
o If ge R(f,....f)and h € K[wi,...,w,], then

(gh)(fr,....fr) = g(h,.... f)h(h,....f) =0-h(f,....f) =0,

and gh € R(f,...,f).
If a subalgebra has an algebraically dependent Hilbert basis {fi, ..., f},
then the subalgebra is “the same as” the polynomial functions on the
variety V(R(f1, ..., f)).
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Invariant Polynomials

Invariant Polynomials: Example Revisited
-1 0
For B = ( . _1> and G = {Id, B} C GLy(R),

R[x, y]¢ = R[x%, y°, xy].

The Hilbert basis {x2, y?, xy} is algebraically dependent, with relation
A (%) = (xy)?, e wiws —wi =0.
The ideal of relations is R(x?, y?, xy) = (wiwa — w3).

Hence, R[x, y]© is the “same as" the polynomial functions on the affine
variety in R3 defined by wiwy — w2.
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Invariant Polynomials

Invariant Polynomials: Example Revisited

The affine variety in R3 defined by wiw, — ngi
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Invariant Polynomials

Invariant Polynomials: Some Facts

o For an arbitrary subgroup G < GL,(K), K[xg, ..., x,]® might not
have a Hilbert basis.

For many subgroups (reductive subgroups) it does.

e If G is a closed subgroup of GL,(K) then it is an example of a Lie
group. Compact (bounded) Lie groups are always reductive by a
theorem of Hilbert and Weyl.

o If {fi,..., £} is a Hilbert basis for K[xy, ..., x,]®, the variety
V(R(fi,...,f)) plays the role of the quotient of K" by G, and is
written K"/ G. It is called the affine GIT quotient.

@ When K = C, there is a bijection between the closed G-orbits in C"
and C"//G.

@ When K = R, there is a bijection between the closed G-orbits in K"
and a subset of R"/G.

@ When G is a compact Lie group, all orbits are closed.
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An Example with Non-Closed Orbits

Let G = GL;(C). This is the group of nonzero complex numbers, denoted
Cx.

For f € C[x], it is easy to see that f(x) = f(zx) Vz € C* if and only if
f(x) = c for some c € C. That is,

Cx® =c.

Hence, C[x]®” is the polynomial functions on a point (no variables).
In terms of this action, C has two orbits: {0} and all other points.

The variety of C[x]®”, a single point, corresponds to the closed orbit {0}.
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Grobner Bases
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|deal Membership

Ideal Membership Problem: Given an ideal

I=(f,....f) CK[x,...,xn]
and a polynomial g € K[xi, ..., x,], decide whether g € (f1...,f).
If n=r =1, then we can use polynomial division to find the answer.

Example

In R[x], the polynomial x> — 3x? + 2 is not an element of (x? + 1).

This can be seen by dividing x> — 3x? 4+ 2 by x? + 1 and seeing that the
remainder is x + 5.
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Ideal Membership

Example

In R[x], the polynomial x> — 3x? — x — 3 is an element of (x? + 1).

Dividing x> — 3x?> — x — 3 by x? + 1, we see that

X®=3x> —x=3=(3-x-3)(x* +1) € (x> +1).

In fact, it can be shown that when n =1 (one variable), every ideal is of
the form (f), so r = 1 in every case.
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|deal Membership

Ideal Membership Problem: Given an ideal
I=(f,....f) CK[x1,...,xXn]
and a polynomial g € K[x1, ..., x|, decide whether g € (f1...,f;).
A natural idea to try is to divide g by fi, then the remainder by f,, then

the remainder by f3, etc. to try to express g in the form >_7_; h;f; for
some h; € K[xi,...,xp].

But polynomial division depends on how you order the terms of g, and if
we fix this, the answer depends on the order of f1, ..., f,, etc.
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Grobner Bases

Monomial Orders

Definition
A monomial order on K[xg, ..., x,] is a linear order on the set of
monomials such that

@ 1 < m for each monomial m, and

@ my < mp implies myms < myms for monomials my, my, ms.

Example

In K[x], the only monomial orderis 1 < x < x2 < x3 < ---.

With more than one variable, it is typical to assume that x3 > xp > ---.

Example
Lexicographic order: m; = x{* -+ xF" < mp = x{"* - - - x7" if the first
nonzero entry of p1 — g1, P2 — G2, ..., Pn — qn iS Negative.
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Grobner Bases

Monomial Orders

Example

Degree lexicographic order: my = x{* - xi" < mp = x{* - - x3" if

deg m; < deg my or deg m; = deg my and the first nonzero entry of
P1— q1,P2 — q2,...,Pn — qn IS Negative.

Example

Degree reverse lexicographic order: my = x{* -+ - xf" < my = x{* --

if deg m; < deg my or deg m; = deg my and the last nonzero entry of
P1L—q1,P2 — G2,...,Pn — Qn IS poOsitive.

X"
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Grobner Bases

Grobner Bases

Definition
Given a monomial order < on K[x1,...,xp], let f € K[x,...,xs], and let
I be an ideal of K[xq, ..., xs].
@ The initial monomial init(f) of f is the largest monomial in f with
respect to <.
@ The initial ideal of the ideal / is the ideal generated by the initial
monomials of the elements of /.
e A finite set {g1,...,8s} of | is a Grébner basis for / if
{init(g1), ..., init(gs)} generates the initial ideal of /.

@ A Grobner basis {g1,...,gs} for I is reduced if, for i # j, init(g;)
does not divide any monomial in g;.
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Grobner Bases

Properties of Grobner Bases

Grobner bases have properties that can be used to solve problems like the
Ideal Membership Problem.

There is a division algorithm that allows one to divide a polynomial g by a
Grobner basis for an ideal /, yielding a unique remainder.
(The remainder is zero if and only if g € /).

Grobner bases generalize the Euclidean algorithm for polynomials to the
multivariable case, and Gaussian elimination to polynomials of degree
larger than 1.

Buchberger’s algorithm is an algorithm for computing a Grobner basis
for an ideal of K[xi, ..., xp], and is implemented on many computer
algebra systems.

More information can be found in Cox-Little-O'Shea [2].
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Grobner Bases

Computing Grobner bases on Mathematica

To compute the Grobner basis of the ideal | = (fi,...,f) in K[x1,...,xs]
on Mathematica, the command is

GroebnerBasis[{f1,f2,...,fr}, {x1,x2,...,xr}]

The monomial order is lexicographic (and based on the order in which the
variables are listed).

GroebnerBasis[{f1,f2,...,fr}, {x1,x2,...,xr},
MonomialOrder->DegreeReverselexicographic]

changes the monomial order.

GroebnerBasis[{f1,f2,...,fr}, {x1,x2,...,xr},
{x1,x2}

eliminates x; and x; in the Grobner basis (i.e. removes any elements
involving these variables).

UFRJ; H.-C. Herbig, C. Seaton Computational methods symplectic quotients January 11-12t", 2016 43 /77



Representations of Tori
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Compact Tori

Let St = {z € C: |z| = 1}, considered with the operation of
multiplication.

This is the unit circle in the complex plane, and it is closed under
multiplication and inversion.

We define the /-dimensional (compact) torus to be
T := (")’
with the operation

(try . oy te) - (t1, -5 t)) = (taty, - . -, toty).
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Compact Tori as Subgroups of GL,(C)

There are many subgroups of GL,(C) that can be identified with T*.
o T! = S! is a subgroup of GL;(C) = C*.
o We can identify T with

{(é 2) te 11‘1} C GL(C).

e We can also identify T! with

{(tgl t02> te Tl} C GL(C).

e We can identify T? with

{(g tf?tz ) (1, k2) € T2} C GLy(C).
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Compact Tori as Subgroups of GL,(C)

A weight matrix A is an ¢ x n matrix with integer entries.

It describes a specific subgroup of GL,(C) that can be identified with the
torus T" where r is the rank of A (which we usually assume is ¢).

The subgroup is given by diagonal matrices with diagonal entries

ai1 a2 ag,1 ,ai12 a2 ap,2 ai,n ,a2.n ag,n
(7t ety T et )T

where (t1,...,t) € T

Note that Gaussian elimination (over Z) and permuting columns of the
weight matrix doesn't really change the subgroup, just expresses it using
different coordinates.

Up to equivalence, every subgroup of GL,(C) that can be identified with
T¢ can be expressed by a weight matrix.
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Compact Tori as Subgroups of GL,(C), Examples

o The weight matrix (1) describes T? as it is defined in GL1(C), i.e.
matrices (t) with [t| = 1.
@ The weight matrix (—2,3) describes T' as the subgroup

{<t02 33) te Tl} C GLy(C).

@ The weight matrix <_02 i) describes T? as the subgroup
t72 0 2
L 3.4 ) (t1, ) € T p C GLy(C).
0 £t
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Representations of Tori

Invariants of Compact Tori

Let A be an £ x n weight matrix and G the corresponding subgroup of
GL,(C).

A polynomial f € C[x, ..., x,] is G-invariant if and only if each of its
monomial terms is invariant.

The monomial xx5? - - - xi" is invariant if and only if

P1
P2

Pn
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Representations of Tori

Invariants of Compact Tori, Examples

For A = (—1 1 1), the monomial f(xy,x) = x12XQX3 is invariant, as, for
any t1 € Tl,

F(txa, tixo, tixs) = (17 xa)2(txe) (tixs)
= X]?X2X3

= f(x1, %2, x3).

The monomial f(xi,x2) = x2x3 is not invariant, as

F(t 1, tixo, tixs) = (t1xa)(t1x3)
= t12X2X3

# f(x1, %2, x3)

unless t; = 1.
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Representations of Tori

Invariants of Compact Tori, Examples

A=(-1 1 1)

A Hilbert basis for C[x1, x2, x3]¢ is given by

{x1x2, x1x3},

Clx1, x2, x3]¢ = Clx1x2, x1x3].
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Representations of Tori

Invariants of Compact Tori, Examples

-2 01 ) . .
For A = < > the monomial f(x1,x2, x3) = xlxg’xg is invariant,

-3 10
as, for any (t1, tp, t3) € T2,

f(t1_2t2_3X1, toXxo, t1X3) = (t1_2t2_3X1)(t2X2)3(t1X3)2
= X1 X33

= f(X17X2a X3)'

A Hilbert basis for C[xy, x2, x3]¢ is given by

{x1x3%3 }.
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Compact Vs. Algebraic Tori

The /-dimensional algebraic torus is (C*)* with the same operation as
the compact torus.

A weight matrix A can also be used to describe a subgroup of GL,(C) that
can be identified with (C*)* (just remove the requirement that |t;| = 1).

@ The weight matrix (1) describes C* as it is defined, i.e. matrices (t)
with t # 0.

@ The weight matrix (—2,3) describes C* as the subgroup

{<t02 g) ‘te CX} C GLy(C).

@ The weight matrix <_02 i) describes (C*)? as the subgroup

{(t102 tfotg> (1, ) € (CX)2} C GLy(C).
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Compact Vs. Algebraic Tori

@ Let A be an ¢ x n weight matrix.

@ Let G denote the corresponding subgroup of GL,(C) identified with
T*.

@ Let G¢ denote the corresponding subgroup of GL,(C) identified with
(C*)".

The subgroup Gg is a kind of algebraic completion of G called the Zariski
closure.
We say that G¢ is the complexification of the Lie group G, as G is a
maximal compact (closed and bounded) subgroup of Gc.
It is not hard to show (using the descriptions of the matrices) that a
monomial in C[xi, ..., xp] is G-invariant if and only if it is Gc-invariant.
Hence,

Clx1, ..., xa]® = Clxq, . .., xa] C.
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Compact Tori as Subgroups of GL,(RR)

We can also realize T as a subgroup of GL,(R).

For instance, S can be identified with the group of rotations of the plane:
cosf —sind
([0 ~500) 0 cr) cum

However, this is the same as S! < GL1(C), identifying (x, y) € R? with
x+ iy € C.

In general, any subgroup of GL,(R) that is a torus arises from a subgroup
of GLy,(C) for some m < n/2.
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Representations of Tori

Real Invariants of Compact Tori

If Aiis an £ x n weight matrix describing a subgroup of GL,(C), and hence

a subgroup G of GLy,(R), we can describe the point

(z1,...,25) € C"

with coordinates

(Xla"‘7Xn7 Y1a~-7)/n) eRz

as above, Zj = Xj + lyj, or we can use

(Zla"'7zna Z""?Z):

where Z; = x; — Iy;.

The group operation in real coordinates is much easier to describe using

these coordinates.
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Representations of Tori

Real Invariants of Compact Tori

If Alis an £ x n weight matrix describing a subgroup of GL,(C), and hence
a subgroup G of GL2,(R), a Hilbert basis for

Rlx1, ..., Xn, yl,...,y,,]G =Rlz,..., 2z, zT,...,zT,]G
is the same as a Hilbert basis of
Clz1y. -y zny Wi,y ..., W,,]H
where H is the subgroup of GLy,(C) corresponding to the weight matrix

[Al = A].
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Representations of Tori

Real Invariants of Compact Tori, Example

The weight matrix A = <:§ (1) é) describes a subgroup of GL3(C) but

also a subgroup G of GLg(R).

To find a Hilbert basis for the G-invariants, we need only find a Hilbert
basis for the invariants of the subgroup of GLe(C) associated to

2012 0 -1
3103 -1 0)°
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Finding invariants using Grobner bases
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Finding invariants using Grobner bases

Algorithm for Torus Invariants

This algorithm is from Sturmfels [5, Algorithm 1.4.5]

Given an ¢ x n weight matrix A:

Give C[t1,...,tsy X1, .., Xn, Y1, --,¥Yn] @ monomial order < such that for
any i,j, k, ti = xj = yk.
For each column j of A, define

R W W R T
g =X —Yyity ' ty -

If gj is not a polynomial (as some a; ; is negative), multiply by t;ai’j so
that it is.
Compute the reduced Grébner basis for (g1, ..., qn) with respect to <.

The Hilbert basis of the invariants is the set of all x{* - - x}" such that

xPtecoxphn — yPt o yB" appears in the Grobner basis.
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Finding invariants using Grobner bases

Algorithm for Torus Invariants on Mathematica

On Mathematica, we can compute this Grobner basis with the command

GroebnerBasis[ideal, variables, t-variables]

where
@ ideal is the list of the g; (in brackets {}),

e variables is the list of the all variables (t;'s, then x;'s, then y;'s, all
in brackets {}), and

e t-variables is the list of t;'s (in brackets {}).
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Finding invariants using Grobner bases

Algorithm for Torus Invariants on Mathematica, Example

For the weight matrix (—2 3 5), we work in C[t1, x1,x2,X3, y1,¥2,¥3).
We start with

-2

qr=x1—ynt 5,
3

g2 = X2 — yoty,

g3 = X3 —)/31“:?-

But g1 is not a polynomial, so we redefine g1 = x1t12 - .

Hence, we enter:

GroebnerBasis [{x1*t172-y1, x2-y2*t1~3, x3-y3*t1°5},
{t1,x1,x2,x3,y1,y2,y3}, {t1}]
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Algorithm for Torus Invariants on Mathematica, Example
(-2 3 5):
The output of

GroebnerBasis [{x1*t172-y1, x2-y2*t1~3, x3-y3*t175},
{t1,x1,x2,x3,y1,y2,y3}, {t1}]

IS

-x373 y2°5 + x275 y373, x1 x3 y2 - x2 yl y3,

-x372 y1 y274 + x1 x274 y372, -x3 y172 y2°3 + x172 x273 y3,
x173 x272 - y173 y272, x174 x2 x3 - y174 y2 y3,

x1°5 x372 - y175 y372

Hence, the Hilbert basis is
3.2 4 5.2
{x{x5, x{xox3, X{x3}.
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_Findinginvariants using Gribner bases
Algorithm for Torus Invariants on Mathematica, Example

-1 0 2 3
0 -2 3 4
Clt1,, t2 X1, X2, X3, X4, Y1, Y2, Y3, Ya).
We start with

For the weight matrix ( ) we work in

-1
g1 =x1—yit; 7,
@ =x — Yoty 2,
2
G = x3 — y3tits,
o 3,4
Qs = Xg — yatity,
and redefine g1 = x1t; — y1 and g = X2t22 - 2.
Hence, we enter:

GroebnerBasis[{x1*tl - y1, x2%t272 - y2,
X3 - y3*%t172%t27°3, x4 - y4*t1~3*%t274%},
{t1, t2, x1, x2, x3, x4, yl, y2, y3, y4},
{t1, t2}]
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Finding invariants using Grobner bases

Algorithm for Torus Invariants on Mathematica, Example

-1 0 2 3\
0 -2 3 4)°
The output of
GroebnerBasis [{x1*tl - y1, X2%t272 - y2,
x3 - y3*t172xt273, x4 - y4*xt173%t274},
{t1, t2, x1, x2, x3, x4, yil, y2, y3, y4}, {t1, t2}]
is
-x474 y2 y376 + x2 x376 y474, x1 x4°3 y374 - x374 yl1 y473,
-x4 y1 y2 y372 + x1 x2 x372 y4,
x172 x2 %472 y372 - x372 y172 y2 y4~2,
x17°3 x272 x4 - y173 y272 y4,
x1°4 x2°3 x3°2 - y1°4 y2°3 y3°2
Hence, the Hilbert basis is
{xixa, x5},
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Finding invariants using Grobner bases

Algorithm for Torus Invariants on Mathematica, Example

For the weight matrix (-1 —1 2 7), we use

qi1 = x1t1 — y1,
g2 = Xot1 — y2,
g3 = x3 — )/3??:%,

qs = Xa —)/41?{-

The input is

GroebnerBasis[{
x1xt171 - y1, x2%t171 - y2,
x3 - y3*t172, x4 - y4*tl1~7},
{t1, x1, x2, x3, x4, yl, y2, y3, y4}, {t1}]
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Finding invariants using Grobner bases

Algorithm for Torus Invariants on Mathematica, Example

(-1 -1 2 7):

The output is

-x472 y3°7 + x377 y4~2, x2 x4 y3°3 - x373 y2 y4, -x4 y2 y374 + x2 x374 y4,
x272 x3 - y272 y3, x273 x4 y372 - x372 y2°3 y4, x275 x4 y3 - x3 y2°5 y4,
x2°7 x4 - y2°7 y4, -x2 y1 + x1 y2, x1 x4 y3°3 - x373 y1 y4,

-x4 y1 y374 + x1 x374 y4, x1 x2 x3 - yl1 y2 y3,

x1 x272 x4 y372 - x372 y1 y272 y4, x1 x274 x4 y3 - x3 yl1 y274 y4,

x1 x276 x4 - yl y276 y4, x172 x3 - y1°2 y3,

x172 x2 x4 y372 - x372 y172 y2 y4, x172 x273 x4 y3 - x3 y172 y273 y4,

x172 x275 x4 - y1°2 y275 y4, x17°3 x4 y372 - x372 y173 y4,

x173 x272 x4 y3 - x3 y1°3 y272 y4, x17°3 x274 x4 - y1°3 y274 y4,

x174 x2 x4 y3 - x3 y174 y2 y4, x174 x273 x4 - y174 y273 y4,

x1°5 x4 y3 - x3 y17°5 y4, x1756 x272 x4 - y175 y272 y4,

x176 x2 x4 - y176 y2 y4, x17°7 x4 - y1°7 y4

Hence, the Hilbert basis is

2 7 6 2 2.5
{X2 X3, X2 X4, X1X2X37 X]_X2 X4, Xl X3, X]. X2 X4,

3.4 4.3 5.2 6 7
X1X2X4, X1X2X4, X1X2X4, X1X2X4, X1X4}
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Other Kinds of Groups

There are similar algorithms using Grobner bases to compute Hilbert bases
of invariants of finite groups, general compact Lie groups, etc.

See Cox-Little-O'Shea [2], Derksen and Kemper [3], and Sturmfels [5].
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Finding Relations Using Grobner Bases
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Algorithm for Relations

This algorithm is from Cox-Little-O’'Shea [2, Proposition 7.4.3].

Given generators fi, ..., f, for a subalgebra of K[xi, ..., x,] (e.g. a Hilbert
basis):

Give K[x1,...,Xn, Y1, --.,Yr] @ monomial order such that for each /,,

Xi = Yj-

Compute a Grobner basis for the ideal

/:<f1*y17f2*)/27---7fr*)/r>-

A Grobner basis for the ideal of relations of (f1,...,f) is given by
intersecting the result with K[yi, ..., ymn], i.e. removing the elements that
involve the x;.
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica

On Mathematica, we can compute this Grobner basis with the command:

GroebnerBasis[ideal, variables, x-variables]

where
@ ideal is the list of f; —y;, j=1,...,r (in brackets {}),

@ variables is the list of the all variables (st then y;'s, all in
brackets {}), and

e x-variables is the list of x;'s (in brackets {}).
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica, Example

Recall that the weight matrix (—2 3 5) had Hilbert basis

3,2 4 5.2
{x{x5, x{xox3, X{x5}.

We work in C[x1, x2, X3, 1, Y2, y3] and enter:

GroebnerBasis[{

x173%x272-y1, x174*x2*x3-y2, x1°5*%x372-y3},
{x1,x2,x3,y1,y2,y3}, {x1,x2,x3}]

The output is:

—y2°2 + y1 y3
So the ideal of relations is

(Afs— £5).
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica, Example

) had Hilbert basis

_ . (-1 0 2 3
Recall that the weight matnx(0 2 3 4

3,2 43,2
{X{x3xa, X{x3x3}.

We work in C[x1, x2, X3, X4, ¥1, y2] and enter:

GroebnerBasis[{
x17°3*x27272%x4-y1, x1°4*x2°3*x3°2-y2},
{x1,x2,x3,x4,y1,y2}, {x1,x2,x3,x4}]

The output is empty, so there are no relations.
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica, Example

Recall that the weight matrix (—1 -1 2 7) had Hilbert basis
2 7 6 2 2.5
{X2 X3, XoX4, X1X2X3, X1XpX4, X{X3, X{X5X4,
3 4 4.3 5.2 6 7
X1 Xo X4, X1 Xo X4, X1 Xo X4, X1 X2X4, X1X4}.

We work in C[x1, x2, X3, X4, ¥1,¥2,Y3, Y4, Y5, Y6, Y7, ¥8: Y9, Y10, y11] and
enter:

GroebnerBasis [{
x272*x3-yl, x277*x4-y2, x1*x2*x3-y3,
x1*x276*x4-y4, x172*x3-y5,
x172%x275%x4-y6, x173*x274*x4-y7,
x174xx2"3*x4-y8, x175*xx272xx4-y9,
x176*x2*x4-y10, =x1"7*x4-yl1
1,
{x1,x2,x3,x4,y1,y2,y3,y4,y5,y6,y7,
y8,y9,y10,y11}, {x1,x2,x3,x4}]
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica, Example

The output is

-yl072 + y11 y9, y11 y8 - y10 y9, y10 y8 - y972,
yl1l y7 - y972, y10 y7 - y8 y9, -y872 + y7 y9,
yl1l y6 - y8 y9, y10 y6 - y872, -y7 y8 + y6 y9,
-y7°2 + y6 y8, y11 y4 - y872, y10 y4 - y7 y8,
-y7°2 + y4 y9, -y6 y7 + y4 y8, -y6°2 + y4 y7,
y11 y3 - y10 y5, y10 y3 - y5 y9, -y5 y8 + y3 y9,
-y5 y7 + y3 y8, -y5 y6 + y3 y7, -y4 yb + y3 y6,
yil y2 - y7 y8, y10 y2 - y7°2, -y6 y7 + y2 y9,
-y6°2 + y2 y8, -y4 y6 + y2 y7, -y4"2 + y2 y6,
-y3 y4 + y2 y5, yl1 y11 - y5 y9, y1 y10 - y5 y8,
-y5 y7 + y1 y9, -yb y6 + y1 y8, -y4 yb +
yl y7, -y3 y4 + y1 y6, -y372 + yl y5,

-y2 y3 + yl1 y4
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Finding Relations Using Grobner Bases

Algorithm for Relations on Mathematica, Example

Hence, there are 36 relations.

— flo+ fufe, fifs — fiofe, fofs—fy, fufr—f5, fiofr — ff,
— f§ + fifo, fufo — fafo, frofe —fg, —fifs+foho, —F7 +fofs,
fifa — fg, fofa — fifs, —f7 +fafs, —fofi+fafs, —f7 +fafr,
fufs — fofs, fiofs — fsfo, —fsfg+ fafy, —fafy + hfs, —fsfs+ ffy,
— fafs+ ffs, fifh— ffs, foh —f, —ff; + hiy, —f + ffs,
— fafo + hofr, —ff+hfs, —fifi+hfs, fifit—ff, ffo—ff,
— iy + fify, —fifs+Afy, —fifs+fify, —ffy+Afs, —f7+fifs,
— b+ fify
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Finding Relations Using Grobner Bases

Thank you!
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