Wavelets for higher-rank graph C*-algebras

Judith Packer (U. Colorado, Boulder)
with C. Farsi (U. Colorado, Boulder), E. Gillaspy (U. Colorado,
Boulder) and S. Kang (U. Otago)

Special Session on the Analysis, Geometry and Topology of
Groupoids
AMS Sectional Meeting, Memphis, Tennessee
Sunday, October 18, 2015



Background on graph C*-algebras:

Higher rank graph C*-algebras were introduced by A. Kumjian and
D. Pask in 2000. These are generalizations of algebras associated

to directed graphs, which in turn generalized the Cuntz algebras O,
generated by families of isometries first studied by J. Cuntz in 1977.

Definition: (Kumjian-Pask, 2000) Let k > 1. A k-graph, or
higher-rank graph, is a countable small category A equipped with a
degree functor d : A — Nk satisfying the factorization property: if
d(A) = m+ n, then there exist unique ;. and v such that

d(p) =m, d(v) =n, and X\ = pv.



Background on graph C*-algebras, continued:

1. For k =1, Ais the path category of a connected graph, and d
is the length function.
2. For k > 1, A'is a collection of paths in a multi-colored graph;
here paths have a “degree" or “shape" rather than a length.
3. Two paths 2 and v can be concatenated if s(;) = r(v), and
then d(uv) = d(p) + d(v).
By the work of Kumjian and Pask [KP], C*-algebras can be
associated to higher-rank graphs and higher-rank graphs equipped
with a 2-cocycle. Also Kumjian and Pask showed that a k-graph A
has associated to it a path groupoid Ga.



Fundamental example, k-graph
Let
Qi = {(m,n): mneN<:m< n}.

The structure maps are given by r(m, n) = m,s(m,n) = n, so that

(¢,n) = (¢, m)(m, n) and then d(m, n) = n— mis a functor.

Q, can be represented by the following bi-colored graph with the
factorization rules.




Another example

==

We choose the following factorization rules:

figi = gifi and figr = gfi
fg1 = gif and hgo = gofo



v

v
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Notation and terminology associated to k-graphs

A" := d~1(n) denotes the set of paths of degree n.
The paths A° of degree 0 are called vertices.
For v,w € A% and n € Nk,

vA"w ={A e A" : r(A) = v, s(\) = w}

A k-graph is called finite if A" is finite for all n € Nk

We say that A has no sources if vA® # () for all v € A® and
ie{l,..., k}.



Notation for k-graphs, continued:

» We say that a k-graph A is strongly connected if, for all
v,w €A%, vAw # 0.

» For 1 <<k, let A; be the matrix of Mpo(N) with entries
Ai(v,w) = |vA%w|, the number of paths from w to v with
degree e;; we call the A; the vertex adjacency matrices of A.



The higher-rank graph algebra C*(A)

Definition 1
Let A be a finite k-graph with no sources. A Cuntz-Krieger
NA-family consists of partial isometries {t\ : A € A} such that

CK1) {t, : v € A%} are mutually orthogonal projections;
CK2) tyt, = ty, whenever s(\) = r(u);

CK3) tita =ty forall A e A;

CK4) for all v € A® and n € N, we have t, = >, \n A5

The C*-algebra C*(A) of A is generated by a universal A-family
{s\}. We write p, := s, for v € A,

(
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Representations of graph algebras

There is a very well-developed theory of representations of
Cuntz-Krieger C*-algebras associated to directed graphs (where

k = 1) on Hilbert spaces. To list just a few names, O. Bratteli and
P. Jorgensen, K. Kawamura, D. Dutkay and P. Jorgensen, and M.
Marcolli and A. Paolucci have studied representations of
Cuntz-Krieger algebras on a variety of Hilbert spaces. In particular,
in these papers the Perron-Frobenius theory has been used on the
incidence matrices involved to construct measures giving interesting
Hilbert spaces on which to represent these algebras.

In addition, M. Marcolli and A. Paolucci [MP] represented
Cuntz-Krieger algebras on Hilbert spaces associated to fractals,
extending results of A. Jonnson [Jo] to construct a wavelet family
associated to particular representations of these C*-algebras.



The Infinite Path Space for a k-graph A

In 2015, A. an Huef, M. Laca, |. Raeburn, and A. Sims [aHLRS2]
used the Perron-Frobenius theory associated to incidence matrices
for finite higher-rank graphs to construct a probability measure M
on the so-called infinite path space A*° associated to A, and used
this measure in the study of the abelian core of C*(A) as well as to
construct KMS states associated to the graph C*-algebras.

Farsi, Gillaspy, Kang, and P. represented C*(A) on L2(A>°, M), so
as to generalize the construction of “wavelets".



The Infinite Path Space of A, continued
Recall the basic example of a k-graph:

Qe :={(p,q) e NF x NK: p < g}.

Recall that with composition defined by (p, q)(q, m) = (p, m) and
degree map given by d(p,q) = g — p, Qx is a k-graph with no
sources.

Definition 2

Let A be a finite k-graph with no sources. An infinite path in a
k-graph A is a k-graph morphism x : Q, — A. We write A* for the
collection of all infinite paths and call it the infinite path space of
A. For each p € N, we define 0P : A — A® by

oP(x)(m,n) = x(m+ p,n+ p) for x € A>°. For A € A\ we define
Z(A) = {x € A*°:x(0,d(\)) = A} and we call it a cylinder set.
The cylinder sets {Z(\)} are a basis for the topology on A*°. Note
that since A is finite, A is compact.



The Perron-Frobenius Measure on A

Let A be a strongly connected k-graph with vertex matrices

A1, ..., Ak. Because A is strongly connected, these matrices will be
irreducible and nonnegative. Because of the factorization property
of k-graphs, these matrices will commute.

The Perron-Frobenius theory shows that there is a unique common
nonnegative unimodular Perron-Frobenius eigenvector x” for the
vertex matrices A;. We will call x the Perron-Frobenius
eigenvector of the k-graph A.

Eigenvalues associated to x” are called the Perron-Frobenius
eigenvalues. The Perron-Frobenius eigenvalue for A; is the spectral
radius p(A;) of A;.



The Measure on A*°, continued

The following definition was originally given in Proposition 8.1 of
[aHLRS2).

Definition 3

Let A be a strongly connected finite k-graph with the vertex

matrices A;. Define a measure M on cylinder sets of A> by
M(Z(N) = p(N)~“Pxfl,y forall A e A, (1)

where p(A) = (p(A1), ..., p(Ax)) and x" is the unimodular

Perron-Frobenius eigenvector of A described in the previous slide.

We call M the Perron-Frobenius measure on the infinite path space
A,



The representation of C*(A) on L2(A>®, M)

To construct the representation of the graph algebra C*(A) on
L2(A>°, M) we need to construct partial isometries satisfying the
CK conditions.



More on the infinite path space

Notation: Let A be a strongly connected finite k-graph. Define for
each A € A a “prefixing map" oy : Z(s(\)) C A® — Z(A) C A®
by o)(x) = Ax, and define “coding maps" {o™ : A*® — A®}
by 0 (x) = x(m, o0). (Note the “prefixing maps" insert a “shape",
and the “coding maps" delete a “shape" from a path.)

Then

(a) For each m € N¥, the family {0y : d(\) = m} and o, satisfy
a(oA(x)) = x, x € Z(N).

(b) If v € A%, then o, = id, and M(Z(v)) > 0.

(c) Let Ry = ox(Z(N)). Foreach A € A,v € s(A)A, we have
R, € Z(\) (up to a set of measure 0), and
O)\Oy = O)p a.€.

(d) The coding maps satisfy 0™ o 0" = ¢™*" for any m, n € N¥.



The representation of C*(A) on L2(A®, M) :
We say that a k-graph A is aperiodic if for each v € A?, there exists
x € Z(v) such that for all m # n € N¥, we have 0"(x) # o"(x).

Theorem 4 (FGKP)

Let A\ be a finite k-graph with no sources, and let the prefixing
maps {ox : Z(s(\)) C A*® — Z(\) C A*°} and coding maps
{o™ N = A} nk be defined on the measure space (N>, M)
as previously. For each \ € A, define Sy € B(L?>(A>®°, M)) by

SAE(X) = X209 ()p(N) V¢ (09D (x)).

Then the operators {Sy}acn generate a representation of C*(N).
If N\ is aperiodic then this representation is faithful.



Example of this representation

=

In this example, we set our factorization rules to be:
fre = ef; and fie = efy

By these factorization rules, we see that if a particular infinite path
in x € A° has infinitely many of both {e} and {f;}2_,, it can be
chosen to be of the form

ef efi,efiy -+ - .

The two incidence matrices corresponding to the two colorad of
edges and one vertex are 1 x 1 and we have (A1) = (1), (A2) = (2).
Therefore the Perron Frobenius-measure on cylinder sets is:

M(Z(e)) =1, M(Z(ef))) =1/2, i =1, 2, etc.



Representation example, continued

Using the Theorem, we will find isometries S, Sy, and Sy, on
L?(A>=, M) satisfying

SiSe = SiSn = SiSp =Id,
S¢St = SiSE + 555 = Id.

and finally
S¢S, = Sk Se, SeSr, = Sk Se.

So, for £ € L2(A°, M) and x = ef; ef,efy, - - -,



Representation example, conclusion

we calculate

Se(§)(x) = xz(e)()11/22°2¢(10x) = ¢(ef;, yrefipprefisyn---);

where the addition in the subscripts of f is taken modulo 2, and

Sa(&)(x) = 21/2X2(f1)(x)£(0(071)x) = 21/2X2(f1)(X)f(€ﬂ2+1eﬁ3+1"');

Sp(§)(x) = Xz(fz)(X)10/221/2f(0(0’1)x) = 21/2X2(f2)(X)f(eﬁ‘zﬂeﬁgﬂ )

and verify that the appropriate CK relations are satisfied.



Wavelets associated to the representations of C*(A\)

We now follow generalize a construction of M. Marcolli and A.
Paolucci for Cuntz-Krieger C*-algebras (these are C*-algebras
associated to directed graphs, k = 1.) Their work in turn was
motivated by work of A. Jonnson. In the process, we construct an
orthogonal decomposition of L2(A>, M), which we call a wavelet
decomposition. We have extended the construction to obtain
wavelets corresponding to an arbitrary positive degree, thus
answering a question posed by Aidan Sims.



Wavelets associated to the representations of C*(A), continued

To construct orthogonal subspaces of L2(A>°, M), we first set the
initial space V) equal to the subspace spanned by the functions
{©, : v € A\’}. Note that the functions {©, : v € A°} form an
orthogonal set in L2(A>°, M), whose span includes the constant
functions on A,

To construct the wavelet subspace Wy, fix v € A%, and fix
(j17j27 T 7././() € [N+]k' Let

D, = {\:d(\) = (ji,....jx) and r()) = v},

and write d, for |D,| (since A is a finite k-graph, d, < c0).



Wavelets associated to the representations of C*(A), continued

Define an inner product on C% by

and let {c™"}% ! be an orthonormal basis for the orthogonal

complement of (1,...,1) € CP with respect to this inner product.

For each pair (m,v) with 1 < m < d, — 1 and v a vertex in A,
define
fmy = c\"'O,.
AeD,



Wavelets associated to the representations of C*(A), continued

By the definition of M on A®°, since the vectors ¢™" are
orthogonal to (1,---,1) in the inner product (2), we have

FmY dM = 0.
/\oo

We also easily check
/ fFvEm v dM = 5v,v’($m,m/7
so that {f™V} are an orthonormal set in L2(A>°, M).

Following Marcolli and Paolucci, we define the wavelet subspace

Won =5pan{f™ :ve AN 1<m<d, —1}



Wavelets associated to the representations of C*(A), main theorem

Theorem 5 (FGKP)

Let A\ be a strongly connected finite k-graph. For each fixed
j €N, and v e N, Jet
Gvi={ eN:s(\)=v,d\)=(-j1.JJ2s---+J " Jk)}, and let
Sy be the operator on L2(A>°, M) described in Theorem 4. Then
{Syfm™vveN NeC,, 1 <m<d,—1} is an orthonormal
set, so that for A € Cj,, p € G with0 < i < j, we have

Jaoe SAE™YS, fm V' dM =0V m, m'.
Thus, defining
Wi i=35pan{Sxf™" : v € Ao\ e Gv.1<m<d, -1} for
J > 1, we obtain an orthogonal decomposition

LQ(/\OO, /\//) = Vo® @loio Wj’/\.




Example of wavelet decomposition for 2-graph algebra:

Example 6

We return to the case where A has one vertex and three edges (two
blue f; and f, and one red, e).

Let M be the Perron-Frobenius measure on A, let ¢ be the
constant function 1 on A let (ji,/2) = (1,1), and let

Y = XZz(efy) — XZ(efa)-
By using the theorem or direct calculation we verify that
{otUUZo{S\(W) - A e A d(N) = (. ))}

is an orthonormal basis for L2(A%).



v
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